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COMPLEX MONGE-AMPE`RE EQUATIONS
ON HERMITIAN MANIFOLDS
BO GUAN AND QUN LI
Abstract. We study complex Monge-Ampe`re equations in Hermitian manifolds,
both for the Dirichlet problem and in the case of compact manifolds without bound-
ary. Our main results extend classical theorems of Yau [43] and Aubin [1] in the
Ka¨hler case, and those of Caffarelli, Kohn, Nirenberg and Spruck [9] for the Dirichlet
problem in C
n
. As an application we study the problem of finding geodesics in the
space of Hermitian metrics, generalizing existing results on Donaldson’s conjecture
[16] in the Ka¨hler case.
Mathematical Subject Classification (2000). 58J05, 58J32, 32W20, 35J25,
53C55.
1. Introduction
The complex Monge-Ampe`re equation has close connections with many important
problems in complex geometry and analysis. In the framework of Ka¨hler geometry, it
goes back at least to Calabi [11] who conjectured that any element in the first Chern
class of a compact Ka¨hler manifold is the Ricci form of a Ka¨hler metric cohomologous
to the underlying metric. In [16], Donaldson made several conjectures on the space
of Ka¨hler metrics which reduce to questions on a special Dirichlet problem for the
homogeneous complex Monge-Ampe`re (HCMA) equation; see also the related work of
Mabuchi [36] and Semmes [38]. The HCMA equation, which is well defined on general
complex manifolds, also arises naturally in other interesting geometric problems. One
such example is the work on intrinsic norms by Chern, Levine and Nirenberg [15],
Bedford and Taylor [4] and P.-F. Guan [24], [25]. There are also interesting results in
the literature that connect the HCMA equation on general complex manifolds with
totally real submanifolds; see, e.g. [42], [37], [35], [27] and [28].
In [43], Yau proved fundamental existence theorems of classical solutions for com-
plex Monge-Ampe`re equations on compact Ka¨hler manifolds and consequently solved
Research of the first author was supported in part by NSF grants.
1
2 BO GUAN AND QUN LI
the Calabi conjecture. Yau’s work also shows the existence of Ka¨hler-Einstein met-
rics on Ka¨hler manifolds with the first Chern number c1(M) ≤ 0, confirming another
conjecture of Calabi [11] which was independently proved by Aubin [1] in the case
c1(M) < 0. The classical solvability of the Dirichlet problem was established by
Caffarelli, Kohn, Nirenberg and Spruck [9] for strongly pseudoconvex domains in Cn.
Later on the first author [20] extended their results to general domains under the
assumption of existence of subsolutions.
Our primary goal in this paper is to attempt to extend these results to more
general geometric settings. We shall consider complex Monge-Ampe`re equations on
Hermitian manifolds. Besides the technical challenges in the analytic aspect which we
shall discuss in more details later, our motivation originates from trying to understand
the above mentioned Donaldson conjectures when one considers Hermitian metrics,
as well as other geometric problems some of which we shall treat in a forthcoming
paper [21].
Let us first consider the Dirichlet problem. Let (Mn, ω) be a compact Hermitian
manifold of dimension n ≥ 2 with smooth boundary ∂M , and M¯ = M ∪ ∂M . Given
ψ ∈ C∞(M × R), ψ > 0, and ϕ ∈ C∞(∂M), we seek solutions of the complex
Monge-Ampe`re equation
(1.1)
(
ω +
√−1
2
∂∂¯u
)n
= ψ(z, u)ωn in M¯
satisfying the Dirichlet condition
(1.2) u = ϕ on ∂M.
We require
(1.3) ωu := ω +
√−1
2
∂∂¯u > 0
so that equation (1.1) is elliptic; we call such functions admissible. Set
(1.4) H = {φ ∈ C2(M¯) : ωφ > 0}.
We shall also call H the space of Hermitian metrics. As in the Ka¨hler case, for u ∈ H,
ωu is a Hermitian form on M and equation (1.1) describes one of its Ricci forms.
From the theory of fully nonlinear elliptic equations, a crucial step in solving equa-
tion (1.1) is to derive a priori C2 estimates for admissible solutions. Our first result is
an extension of Yau’s estimate for ∆u [43] and the gradient estimates due to Blocki [7]
and P.-F. Guan [26] in the Ka¨hler case.
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Theorem 1.1. Let u ∈ H ∩C4(M) be a solution of equation (1.1). Then there exist
positive constants C1, C2 depending on |u|C0(M¯) such that
(1.5) max
M¯
|∇u| ≤ C1
(
1 + max
∂M
|∇u|
)
and
(1.6) max
M¯
∆u ≤ C2
(
1 + max
∂M
∆u
)
.
More details are given in Propositions 3.2 and 4.3 of the dependence of C1 and C2
on ψ and geometric quantities M (torsion and curvatures). Here we only emphasize
that these constants do not depend on inf ψ so the estimates (1.5) and (1.6) apply to
the degenerate case (ψ ≥ 0).
The gradient estimate (1.5) was also proved independently by Xiangwen Zhang [44]
who considered more general equations on compact Hermitian manifolds without
boundary.
A substantial difficulty in proving (1.6) is to control the extra terms involving third
order derivatives which appear due to the nontrivial torsion. To overcome this we
construct a special local coordinate system (Lemma 2.1) and make use of some unique
properties of the Monge-Ampe`re operator. See the proof in Section 4 for details.
In order to solve the Dirichlet problem (1.1)-(1.2) we also need estimates for second
derivatives on the boundary. For this we shall follow techniques developed in [23],
[19], [20] using subsolutions. Our main existence result for the Dirichlet problem may
be stated as follows.
Theorem 1.2. Suppose that there exists u ∈ C0(M¯) with ωu ≥ 0 in M¯ (in weak
sense [3]), u = ϕ on ∂M and
(1.7) (ωu)
n ≥ ψ(z, u)ωn in M¯.
Assume further that u ∈ C2 in a neighborhood of ∂M (including ∂M). Then the
Dirichlet problem (1.1)-(1.2) admits a solution u ∈ H ∩ C∞(M¯) with u ≥ u in M¯ .
We note that Theorem 1.1 also applies to compact manifolds without boundary.
Deriving the C0 estimates, however, seems a difficult question for general ω. In the
Ka¨hler case, Yau [43] introduced a Moser iteration approach using his C2 estimate
and the Sobolev inequality. His proof was subsequently simplified by Kazdan [30] for
n = 2, and by Aubin [1] and Bourguignon independently for arbitrary dimension (see
e.g. [39] and [41]). Alternative proofs were given by Kolodziej [31] and Blocki [6]
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based on the pluripotential theory ([5]) and the L2 stability of the complex Monge-
Ampe`re operator ([12]). All these proofs seem to heavily rely on the closedness or,
equivalently, existence of local potentials of ω and it is not clear to us whether any of
them can be extended to the Hermitian case. In this paper we impose the following
condition
(1.8) ∂∂¯ωk = 0, 1 ≤ k ≤ n− 1
which will also enable us to carry out the continuity method as in [43].
Theorem 1.3. Let (M,ω) be a compact Hermitian manifold without boundary with
ω satisfying (1.8). Assume ψu ≥ 0 and that there exists a function φ ∈ C∞(M) such
that
(1.9)
∫
M
ψ(z, φ(z))ωn = Vol (M).
Then there exists a solution u ∈ H∩C∞(M) of equation (1.1). Moreover the solution
is unique, possibly up to a constant.
Under stronger assumptions on ψ condition (1.8) may be removed.
Theorem 1.4. Let (M,ω) be a compact Hermitian manifold without boundary. If
(1.10) lim
u→−∞
ψ(·, u) = 0, lim
u→+∞
ψ(·, u) =∞.
and ψu > 0, then equation (1.1) has a unique solution in H ∩ C∞(M).
For applications in complex geometry it is very important to study the degenerate
complex Monge-Ampe`re equation (ψ ≥ 0 in (1.1)). In general, the optimal regularity
in the degenerate case is C1,1; see e.g., [2], [18], and there are many challenging open
questions. In the forthcoming article [21] we shall focus on the degenerate, especially
the homogeneous, Monge-Ampe`re equation in Hermitian manifolds and applications
in geometric problems. In the current paper we shall only prove the following theorem
for a special Dirichlet problem.
Theorem 1.5. Let M = N × S where N is a compact Hermitian manifold without
boundary, dimCN = n−1, and S is a compact Riemann surface with smooth boundary
∂S 6= ∅. Let ω be the product Ka¨hler form on M .
Suppose that ψ ≥ 0, ψ 1n ∈ C2(M¯ × R), and φ ∈ H ∩ C4(M¯) satisfying (ωφ)n ≥ ψ
on M¯ . Then there exists a weak admissible solution u ∈ C1,α(M¯), for all α ∈ (0, 1)
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with ∆u ∈ L∞(M), of the Dirichlet problem
(1.11)
{
(ωu)
n = ψ in M¯,
u = φ on ∂M.
Moreover, the solution is unique if ψu ≥ 0, and u ∈ C1,1(M¯) provided that M has
nonnegative bisectional curvature.
As an immediate application of Theorem 1.5 we can extend existing results on a
conjecture of Donaldson [16] concerning geodesics in the space of Ka¨hler metrics to
the Hermitian setting; see Section 8 for details.
The paper is organized as follows. In Section 2 we briefly recall some basic facts and
formulas for Hermitian manifolds and the complex Monge-Ampe`re operator, fixing
the notation along the way. We shall also prove in this section the existence of local
coordinates with some special properties; see Lemma 2.1. Such local coordinates are
crucial to our proof of (1.6) in Section 4, while the gradient estimate (1.5) is derived
in Sections 3. Section 5 concerns the boundary estimates for second derivatives. In
Section 6 we come back to finish the global estimates for all (real) second derivatives
which enable us to apply the Evans-Krylov theorem [17], [34] to obtain C2,α and
therefore higher order estimates by the classical Schauder theory. In Section 7 we
discuss the C0 estimates and existence of solutions, completing the proof of Theo-
rems 1.2-1.5. Finally, in Section 8 we extend results on the Donaldson conjecture in
the Ka¨hler case to the space of Hermitian metrics.
The authors wish to thank Pengfei Guan and Fangyang Zheng for very helpful
conversations and suggestions.
2. Preliminaries
Let Mn be a complex manifold of dimension n and g a Riemannian metric on M .
Let J be the induced almost complex structure onM so J is integrable and J2 = −id.
We assume that J is compatible with g, i.e.
(2.1) g(u, v) = g(Ju, Jv), u, v ∈ TM ;
such g is called a Hermitian metric. Let ω be the Ka¨hler form of g defined by
(2.2) ω(u, v) = −g(u, Jv).
We recall that g is Ka¨hler if its Ka¨hler form ω is closed, i.e. dω = 0.
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The complex tangent bundle TCM = TM × C has a natural splitting
(2.3) TCM = T
1,0M + T 0,1M
where T 1,0M and T 0,1M are the ±√−1-eigenspaces of J . The metric g is obviously
extended C-linearly to TCM , and
(2.4) g(u, v) = 0 if u, v ∈ T 1,0M , or u, v ∈ T 0,1M.
Let ∇ be the Chern connection of g. It satisfies
(2.5) ∇u(g(v, w)) = g(∇uv, w) + g(v,∇uw)
but may have nontrivial torsion. The torsion T and curvature R of ∇ are defined by
(2.6) T (u, v) = ∇uv −∇vu− [u, v],
and
(2.7) R(u, v)w = ∇u∇vw −∇v∇uw −∇[u,v]w,
respectively. Since ∇J = 0 we have
T (Ju, Jv) = JT (u, v)
and
R(u, v)Jw = JR(u, v)w.
It follows that
(2.8) T (u, v, w) ≡ g(T (u, v), w) = g(T (Ju, Jv), Jw) ≡ T (Ju, Jv, Jw)
and
(2.9) R(u, v, w, x) ≡ g(R(u, v)w, x) = g(R(u, v)Jw, Jx).
Therefore R(u, v, w, x) = 0 unless w and x are of different type.
In local coordinates (z1, . . . , zn), by (2.4)
(2.10) g
( ∂
∂zj
,
∂
∂zk
)
= 0, g
( ∂
∂z¯j
,
∂
∂z¯k
)
= 0
since
(2.11) J
∂
∂zj
=
√−1 ∂
∂zj
, J
∂
∂z¯j
= −√−1 ∂
∂z¯j
.
We write
(2.12) gjk¯ = g
( ∂
∂zj
,
∂
∂z¯k
)
, {gij¯} = {gij¯}−1.
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That is, gij¯gkj¯ = δik. The Ka¨hler form ω is then given by
(2.13) ω =
√−1
2
gjk¯dzj ∧ dz¯k.
The Christoffel symbols Γljk are defined by
∇ ∂
∂zj
∂
∂zk
= Γljk
∂
∂zl
.
Recall that by (2.5) and (2.10),
(2.14)


∇ ∂
∂zj
∂
∂z¯k
= ∇ ∂
∂z¯j
∂
∂zk
= 0,
∇ ∂
∂z¯j
∂
∂z¯k
= Γl¯j¯k¯
∂
∂z¯l
= Γljk
∂
∂z¯l
and
(2.15) Γljk = g
lm¯∂gkm¯
∂zj
.
For the torsion and curvature we use the standard notion
Tijk = T
( ∂
∂zi
,
∂
∂zj
,
∂
∂zk
)
, etc.
and
Rij¯kl¯ = R
( ∂
∂zi
,
∂
∂z¯j
,
∂
∂zk
,
∂
∂z¯l
)
, etc.
Obviously,
Tijk = Tij¯k = Tij¯k¯ = 0, Tijk¯ =
∂gjk¯
∂zi
− ∂gik¯
∂zj
and
(2.16) T kij ≡ gkl¯Tijl¯ = Γkij − Γkji = gkl¯
(∂gjl¯
∂zi
− ∂gil¯
∂zj
)
.
From (2.9) and (2.15) it follows that
(2.17) Rij¯kl = Rijkl = 0,
(2.18) Rij¯kl¯ = −gml¯
∂Γmik
∂z¯j
= − ∂
2gkl¯
∂zi∂z¯j
+ gpq¯
∂gkq¯
∂zi
∂gpl¯
∂z¯j
and
(2.19) Rijkl¯ = gml¯
(∂Γmjk
∂zi
− ∂Γ
m
ik
∂zj
+ ΓmiqΓ
q
jk − ΓmjqΓqik
)
.
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By (2.18) and (2.16) we have
(2.20) Rij¯kl¯ −Rkj¯il¯ = gml¯
∂Tmki
∂z¯j
= gml¯∇j¯Tmki ,
which also follows form the general Bianchi identity.
The traces of the curvature tensor
(2.21) Rkl¯ = g
ij¯Rij¯kl¯ = −gij¯
∂2gkl¯
∂zi∂z¯j
+ gij¯gpq¯
∂gkq¯
∂zi
∂gpl¯
∂z¯j
and
(2.22) Sij¯ ≡ gkl¯Rij¯kl¯ = −gkl¯
∂2gkl¯
∂zi∂z¯j
+ gkl¯gpq¯
∂gkq¯
∂zi
∂gpl¯
∂z¯j
are called the first and second Ricci tensors, respectively. Note that
(2.23) Sij¯ = −
∂2
∂zi∂z¯j
log det gkl¯.
The following special local coordinates will be crucial to our proof of the a priori
estimates for ∆u in Theorem 1.1.
Lemma 2.1. Around a point p ∈M there exist local coordinates such that, at p,
(2.24) gij¯ = δij ,
∂gi¯i
∂zj
= 0, ∀ i, j.
Proof. Let (z1, z2, · · · , zn) be a local coordinate system around p such that zi(p) = 0
for i = 1, · · · , n and
gij¯(p) := g
( ∂
∂zi
,
∂
∂z¯j
)
= δij .
Define new coordinates (w1, w2, · · · , wn) by
(2.25) wr = zr +
∑
m6=r
∂grr¯
∂zm
(p)zmzr +
1
2
∂grr¯
∂zr
(p)z2r , 1 ≤ r ≤ n.
We have
(2.26) g˜ij¯ := g
( ∂
∂wi
,
∂
∂w¯j
)
=
∑
r,s
grs¯
∂zr
∂wi
∂zs
∂wj
.
It follows that
(2.27)
∂g˜ij¯
∂wk
=
∑
r,s
grs¯
∂2zr
∂wi∂wk
∂zs
∂wj
+
∑
r,s,p
∂grs¯
∂zp
∂zp
∂wk
∂zr
∂wi
∂zs
∂wj
.
COMPLEX MONGE-AMPE`RE EQUATIONS 9
Differentiate (2.25) with respect to wi and wk. We see that, at p,
∂zr
∂wi
= δri,
∂2zr
∂wi∂wk
= −
∑
m6=r
∂grr¯
∂zm
(∂zm
∂wi
∂zr
∂wk
+
∂zm
∂wk
∂zr
∂wi
)
− ∂grr¯
∂zr
∂zr
∂wi
∂zr
∂wk
.
Plugging these into (2.27), we obtain at p,
(2.28)


∂g˜i¯i
∂wk
=
∂gi¯i
∂zk
− ∂gi¯i
∂zk
= 0, ∀ i, k,
∂g˜ij¯
∂wj
=
∂gij¯
∂zj
− ∂gjj¯
∂zi
= T jji, ∀ i 6= j,
∂g˜ij¯
∂wk
=
∂gij¯
∂zk
, otherwise.
Finally, switching w and z gives (2.24). 
Remark 2.2. If, in place of (2.25), we define
(2.29) wr = zr +
∑
m6=r
∂gmr¯
∂zr
(p)zmzr +
1
2
∂grr¯
∂zr
(p)z2r , 1 ≤ r ≤ n,
then under the new coordinates (w1, w2, · · · , wn),
(2.30)


∂g˜ij¯
∂wj
(p) = 0, ∀ i, j,
∂g˜i¯i
∂wk
(p) =T iki, ∀ i 6= k,
∂g˜ij¯
∂wk
(p) =
∂gij¯
∂zk
(p), otherwise.
The following lemma and its proof can be found in [40].
Lemma 2.3. Around a point p ∈M there exist local coordinates such that, at p,
(2.31)


gij¯ = δij ,
∂gij¯
∂zk
+
∂gkj¯
∂zi
= 0.
Consequently, T kij = 2
∂gjk¯
∂zi
at p.
Remark 2.4. In general it is impossible to find local coordinates satisfying both (2.24)
and (2.31) simultaneously.
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Let Λp,q denote differential forms of type (p, q) on M . The exterior differential d
has a natural decomposition d = ∂ + ∂¯ where
∂ : Λp,q → Λp+1,q, ∂¯ : Λp,q → Λp,q+1.
Recall that ∂2 = ∂¯2 = ∂∂¯ + ∂¯∂ = 0 and, by the Stokes theorem∫
M
∂α =
∫
∂M
α, ∀ α ∈ Λn−1,n.
A similar formula holds for ∂¯.
For a function u ∈ C2(M), ∂∂¯u is given in local coordinates by
(2.32) ∂∂¯u =
∂2u
∂zi∂z¯j
dzi ∧ dz¯j .
We use ∇2u to denote the Hessian of u:
(2.33) ∇2u(X, Y ) ≡ ∇Y∇Xu = Y (Xu)− (∇YX)u, X, Y ∈ TM.
By (2.14) we see that
(2.34) ∇ ∂
∂zi
∇ ∂
∂z¯j
u =
∂2u
∂zi∂z¯j
.
Consequently, the Laplacian of u with respect to the Chern connection is
(2.35) ∆u = gij¯
∂2u
∂zi∂z¯j
,
or equivalently,
(2.36) ∆uωn =
√−1
2
∂∂¯u ∧ ωn−1.
Integrating (2.36) (by parts), we obtain
(2.37)
2√−1
∫
M
∆uωn =
∫
M
∂∂¯u ∧ ωn−1
=
∫
∂M
∂¯u ∧ ωn−1 +
∫
M
∂¯u ∧ ∂ωn−1
=
∫
∂M
(∂¯u ∧ ωn−1 + u∂ωn−1) +
∫
M
u∂∂¯ωn−1.
Finally, in the following sections where we derive the a priori estimates we shall
consider the slightly more general equation
(2.38) det
(
µω +
√−1
2
∂∂¯u
)n
= ψ(z, u)ωn
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where µ is a given smooth function on M and may also depend on u and ∇u. We
shall abuse the notation to write
ωu := µω +
√−1
2
∂∂¯u ∈ Λ1,1,
and u ∈ H means ωu > 0. In local coordinates equation (2.38) takes the form
(2.39) det
(
µgij¯ +
∂2u
∂zi∂z¯j
)
= ψ(z, u) det gij¯.
In the current paper we assume µ = µ(z, u) and |µ| > 0 in M¯ × R. In [21] we shall
consider other cases including µ = 0.
3. Gradient estimates
In this section we derive the gradient estimate (1.5) for a solution u ∈ H ∩C3(M)
of (2.38). Throughout this and next sections we shall use ordinary derivatives. For
convenience we write in local coordinates,
ui =
∂u
∂zi
, ui¯ =
∂u
∂z¯i
, uij¯ =
∂2u
∂zi∂z¯j
, gij¯k =
∂gij¯
∂zk
, gij¯kl¯ =
∂2gij¯
∂zk∂z¯l
, etc,
and
gij¯ = uij¯ + µgij, {gij¯} = {gij¯}−1.
We first present some calculation. In local coordinates,
(3.1) |∇u|2 = gkl¯ukul¯.
We have
(3.2) (|∇u|2)i = gkl¯(ukiul¯ + ukuil¯)− gkb¯gal¯gab¯iukul¯
(3.3)
(|∇u|2)ij¯ = gkl¯(ukj¯uil¯ + uij¯kul¯ + ukuij¯l¯ + ukiul¯j¯)
− gkb¯gal¯gab¯i(ukj¯ul¯ + ukul¯j¯)− gkb¯gal¯gab¯j¯(ukiul¯ + ukuil¯)
+ [(gkq¯gpb¯gal¯ + gkb¯gaq¯gpl¯)gab¯igpq¯j¯ − gkb¯gal¯gab¯ij¯]ukul¯.
Here we have used the formula
(gkl¯)i = −gkb¯gal¯gab¯i.
Let p be a fixed point. We may assume that (2.31) holds at p and
(3.4) {uij¯} is diagonal.
12 BO GUAN AND QUN LI
Thus
(3.5) (|∇u|2)i = uiui¯i + (uki − gkl¯iul)uk¯
and
(3.6)
(|∇u|2)i¯i =u2i¯i + ui¯ikuk¯ + ui¯ik¯uk +
∑
k
|uki − gkl¯iul|2
− 2Re{gl¯iiui¯iul¯}+ (glp¯igpk¯i¯ − glk¯i¯i)ukul¯.
Lemma 3.1. Let φ be a function such that eφ|∇u|2 attains its maximum at an interior
point p where, in local coordinates, (2.31) and (3.4) hold. Then, at p,
(3.7)
|∇u|2
∑
gi¯iφi¯i ≤ − 2
∑
Re{gi¯iuiui¯iφi¯}+ 2|∇f ||∇u| − 2|∇u|2fu
− |∇u|2
(
inf
j,l
Rjj¯ll¯ − sup
j,l
|T jlj|2
)∑
gi¯i
+ 2Re{(µ)kuk¯}
∑
gi¯i.
Proof. In the proof all calculations are done at p where since eφ|∇u|2 attains its
maximum,
(3.8)
(|∇u|2)i
|∇u|2 + φi = 0,
(|∇u|2)¯i
|∇u|2 + φi¯ = 0
and
(3.9)
(|∇u|2)i¯i
|∇u|2 −
|(|∇u|2)i|2
|∇u|4 + φi¯i ≤ 0.
By (3.5) and (3.8),
(3.10) |(|∇u|2)i|2 =
∑
k
|uk|2|uki − gkl¯iul|2 − 2|∇u|2Re{uiui¯iφi¯} − |ui|2u2i¯i.
Differentiating equation (2.39) we have
(3.11)
gij¯(uij¯kuk¯ + ukuij¯k¯) = 2|∇u|2fu + 2Re{fzkuk¯ + gij¯gij¯kuk¯}
− 2Re{gij¯(µgij¯k + (µ)kgij¯)uk¯}.
Note that by (2.31),
(3.12)
∑
i,l
gi¯ilul¯ − µgi¯igi¯ilul¯ = gi¯iui¯igi¯ilul¯ = −gi¯iui¯igl¯iiul¯.
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From (3.6) and (3.11) we see that
(3.13)
gi¯i(|∇u|2)i¯i = gi¯i|ui¯i − 2gl¯iiul¯|2 +
∑
i,k
gi¯i|uki − gkl¯iul|2
+ gi¯i(glp¯igpk¯i¯ − glk¯i¯i)ukul¯ − 4gi¯i|gl¯iiul¯|2
+ 2|∇u|2fu + 2Re{fzkuk¯} − 2Re{(µ)kuk¯}
∑
gi¯i.
Combining (3.9), (3.10) and (3.13), we obtain
(3.14)
0 ≥ |∇u|2
(
inf
i,l
{glp¯igpl¯¯i − gll¯i¯i} − 4 sup
i,l
|gl¯ii|2
)∑
gi¯i
+ 2|∇u|2fu − 2|∇f ||∇u| − 2Re{(µ)kuk¯}
∑
gi¯i
+ 2Re
∑
{gi¯iuiui¯iφi¯}+ |∇u|2
∑
gi¯iφi¯i.
This proves (3.7). 
Proposition 3.2. There exists C > 0 depending on
sup
M
|u|, inf
M
(ψ
1
n )u, sup
M
|∇ψ 1n |, inf
M
1
|µ|
(
inf
j,l
Rjj¯ll¯ − sup
j,l
|T jlj|2
)
,
and
sup
M
{|µ|−1 + |∇ log |µ||+ (log |µ|)u}
such that
(3.15) max
M¯
|∇u| ≤ C(1 + max
∂M
|∇u|).
Proof. Let L = infM u and φ = Ae
ν(L−u) where A > 0 to be determined later and
ν = µ/|µ|. We have
(3.16) eν(u−L)Re{gi¯iuiui¯iφi¯} = −νA|∇u|2 + |µ|A
∑
gi¯iuiui¯
and
(3.17)
eν(u−L)
∑
gi¯iφi¯i =Ag
i¯i(uiui¯ − νui¯i)
=Agi¯iuiui¯ − nνA + |µ|A
∑
gi¯i
≥A|∇u|2min
i
gi¯i + |µ|A
∑
gi¯i − nνA
≥nA(|µ|n−1n ψ− 1n |∇u| 2n − ν).
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By Lemma 3.1, at an interior point where eφ|∇u|2 achieves its maximum we have
(3.18)
Aeν(L−u)|∇u|2
(
|µ|n−1n ψ− 1n |∇u| 2n − 3ν + (n− 1)|µ|
n
∑
gi¯i
)
≤ 2|∇f ||∇u| − 2|∇u|2fu + 2(µu|∇u|2 + |∇µ||∇u|)
∑
gi¯i
− |∇u|2
(
inf
j,l
Rjj¯ll¯ − sup
j,l
|T jlj|2
)∑
gi¯i.
Choose A such that
n− 1
n
|A| ≥ sup
M
eu−L
|µ|
(
1 + 2µu − inf
j,l
Rjj¯ll¯ + sup
j,l
|T jlj |2
)
.
We obtain
|∇u| ≤ 2|∇ log |µ||eu−L
or
A|µ|n−1n |∇u|n+2n − 3ψ 1n |∇u|+ 2neu−L((ψ 1n )u|∇u| − |∇ψ 1n |) ≤ 0.
This gives the estimate in (3.15). 
4. Global estimates for ∆u
In this section we derive the estimate (1.6). We wish to include the degenerate case
ψ ≥ 0. So we shall still assume ψ > 0 but the estimates will not depend on the lower
bound of ψ. We shall follow the notations in Section 3 and use ordinary derivatives.
Throughout Sections 4-6 we assume u is a solution of (1.1) in H∩C4(M). In local
coordinates,
∆u = gkl¯ukl¯.
Therefore,
(4.1) (∆u)i = g
kl¯ukl¯i − gkb¯gal¯gab¯iukl¯
(4.2)
(∆u)i¯i = g
kl¯ukl¯i¯i − gkb¯gal¯(gab¯iukl¯¯i + gab¯¯iukl¯i)
+ [(gkq¯gpb¯gal¯ + gkb¯gaq¯gpl¯)gab¯igpq¯i¯ − gkb¯gal¯gab¯i¯i]ukl¯.
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Lemma 4.1. Assume that (2.24) and (3.4) hold at p ∈M . Then at p,
(4.3)
gi¯i(∆u)i¯i ≥ gi¯igjj¯|uij¯j + (µgij¯)j |2 +∆(f)− 2gi¯iRe{T iik(µ)k¯}
− (|µ||T |2 +∆(µ))
∑
gi¯i − µgi¯i(Si¯i −Ri¯i)
+ inf
j,k
Rjj¯kk¯
(
(∆u+ nµ)
∑
gi¯i − n2
)
.
Proof. By (4.1) and (4.2),
(4.4) (∆u)i = ukk¯i − gkk¯iukk¯,
(4.5)
(∆u)i¯i = ui¯ikk¯ − 2Re{ukj¯igjk¯i¯}+ (gkp¯igpk¯i¯ + gpk¯igkp¯¯i − gkk¯i¯i)ukk¯
= ui¯ikk¯ − 2Re{ukj¯igjk¯i¯}+ (gkk¯ − µ)(gpk¯igkp¯¯i +Ri¯ikk¯).
Differentiating equation (2.39) twice we obtain
(4.6)
gi¯iui¯ikk¯ = g
i¯igjj¯ |uij¯k + (µgij¯)k|2 + (f)kk¯ + gi¯ikk¯ − gij¯kgji¯k¯ − gi¯i(µgi¯i)kk¯
= gi¯igjj¯ |uij¯k + (µgij¯)k|2 + (f)kk¯ −Rkk¯i¯i − (µ)kk¯
∑
gi¯i
+ µgi¯i(Rkk¯i¯i − |gij¯k|2)− 2gi¯iRe{(µ)kgi¯ik¯}.
From (2.24) we have,
(4.7)
∑
j,k
ukj¯igjk¯i¯ =
∑
j 6=k
[uij¯k + (µgij¯)k]gjk¯i¯ − µ
∑
j 6=k
gij¯kgjk¯i¯ −
∑
k
(µ)kgik¯i¯.
By Cauchy-Schwarz inequality,
(4.8) 2
∑
j 6=k
|Re{[uij¯k + (µgij¯)k]gjk¯i¯}| ≤
∑
j 6=k
gjj¯|uij¯k + (µgij¯)k|2 +
∑
j 6=k
gjj¯|gkj¯i|2.
Finally, combining (4.5), (4.6), (4.7), (4.8) and
|gij¯k|2 + |gkj¯i|2 − 2Re{gij¯kgjk¯i¯} = |gkj¯i − gij¯k|2 = |T jik|2
we derive
(4.9)
gi¯i(∆u)i¯i ≥ gi¯igjj¯|uij¯j + (µgij¯)j|2 +∆(f) + (gi¯igjj¯ − 1)Ri¯ijj¯
− µ
∑
k
gi¯i(Ri¯ikk¯ −Rkk¯i¯i)− µ
∑
j,k
gi¯i|T jik|2
− 2gi¯iRe{T iik(µ)k¯} −∆(µ)
∑
gi¯i.
which gives (4.3). 
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Lemma 4.2. Suppose eφ(nµ+∆u) achieves its maximum at an interior point p ∈M
where (2.24) and (3.4) hold. Then, at p,
(4.10)
(nµ+∆u)gi¯iφi¯i + 2g
i¯iRe{φiλ¯i}
≤ − (nµ+∆u) inf
j,k
Rjj¯kk¯
∑
gi¯i −∆(f)
+ n2 inf
j,k
Rjj¯kk¯ + A
∑
gi¯i
where λi = (n− 1)(µ)i − µT jji and
(4.11) A = |µ| sup
k
|Rkk¯ − Skk¯|+ |µ||T |2 + |∇(µ)||T |+∆(µ)− n inf
k
(µ)kk¯.
Proof. Since eφ(nµ+∆u) achieves its maximum at p,
(4.12)
(nµ+∆u)i
nµ+∆u
+ φi = 0,
(nµ+∆u)¯i
nµ+∆u
+ φi¯ = 0,
(4.13)
(nµ+∆u)i¯i
nµ+∆u
− |(nµ+∆u)i|
2
(nµ+∆u)2
+ φi¯i ≤ 0.
Note that
(nµ+∆u)i =
∑
j
(uij¯ + µgij¯)j + λi
by (4.4) and (2.24). We have by (4.12),
(4.14)
|(nµ+∆u)i|2 =
∑
j
|(uij¯ + µgij¯)j |2 + 2Re{(nµ+∆u)iλ¯i} − |λi|2
=
∑
j
|(uij¯ + µgij¯)j |2 − 2(nµ+∆u)Re{φiλ¯i} − |λi|2.
By Cauchy-Schwarz inequality,
(4.15)
∑
i,j
gi¯i|(uij¯ + µgij¯)j |2 =
∑
i
gi¯i
∣∣∣∑
j
g
1/2
jj¯
g
−1/2
jj¯
(uij¯ + µgij¯)j
∣∣∣2
≤ (nµ+∆u)gi¯igjj¯|uij¯j + (µgij¯)j |2.
From (4.13), (4.3), (4.14) and (4.15) we derive (4.10). 
Let φ = eη(u) with η ≥ 0, µη′ < 0, and η′′ ≥ 0. We have
(4.16) φi = e
ηη′ui, φi¯i = e
η[η′ui¯i + (η
′′ + η′2)|ui|2].
Therefore,
(4.17) 2gi¯iRe{φiλ¯i} =2eηη′gi¯iRe{uiλ¯i} ≥ −eηgi¯i(|λi|2 + η′2|ui|2).
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Suppose now that both ψ and µ are independent of u. Plugging (4.16) and (4.17)
into (4.10), we see that
(4.18)
0 ≥ (nµ+∆u)
(
e−η inf
j,k
Rjj¯kk¯ − µη′
)∑
gi¯i
+ η′2(nµ+∆u− 1)
∑
gi¯i|ui|2 + nη′(nµ+∆u)
− n2e−η inf
j,k
Rjj¯kk¯ + e
−η∆f − C3
∑
gi¯i
where
(4.19) C3 = A+ n
2|∇µ|2 + n2µ2|T |2
and A is given in (4.11).
Following Yau [43] we shall make use of the inequality
(4.20)
(∑
gi¯i
)n−1
≥
∑
gi¯i
g11¯ · · · gnn¯ =
nµ+∆u
det(µgij¯ + uij¯)
=
nµ +∆u
ψ
.
Choosing η = A(U − νu) where ν = µ/|µ|, U = supM νu and A > 0 is a constant
such that
(4.21) |µ|A+ e−η inf
j,k
Rjj¯kk¯ ≥ 2,
we see from (4.18) and (4.20) that
(4.22) (nµ+∆u)
n
n−1 + nνAψ
1
n−1 (nµ+∆u) + ψ
1
n−1∆f − n2e−ηψ 1n−1 inf
j,k
Rjj¯kk¯ ≤ 0
provided that
(4.23) nµ+∆u ≥ 1 + C3.
This gives us a bound (nµ + ∆u)(0) ≤ C which depends on |u|C0(M¯), |ψ
1
n−1 |C2(M),
|µ|C2(M) and geometric quantities of (M, g). Finally,
(4.24) sup
M
(nµ+∆u) ≤ eφ(0)−infM φ(nµ+∆u)(0) ≤ C.
We have therefore proved the following.
Proposition 4.3. Suppose both µ and ψ are independent of u. Then
(4.25) max
M¯
∆u ≤ C(1 + max
∂M
∆u)
where C > 0 depends on
|u|C0(M¯), |ψ
1
n−1 |C2(M¯), |µ|C2(M¯), sup
M
1
|µ| , infj,k Rjj¯kk¯, supk |Rkk¯ − Skk¯|, |T |
2.
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If ψ and µ depend also on u the estimate (4.25) still holds with C depending in
addition on supM |∇u|. Indeed, in places of (4.18) we have
(4.26)
0 ≥ (nµ+∆u)
(
e−η inf
j,k
Rjj¯kk¯ − (n + 1)e−η|µu| − µη′
)∑
gi¯i
+ (nη′ + e−ηfu)(nµ+∆u)
− n2e−η inf
j,k
Rjj¯kk¯ − C ′3
∑
gi¯i
where C ′3 depends on C3, |u|C1(M¯), as well as the derivatives of ψ
1
n−1 and µ. This
again will give a bound for (nµ+∆u)(0) and therefore (4.24).
5. Boundary estimates for second derivatives
In this section we derive a priori estimates for second derivatives (the real Hessian)
on the boundary
(5.1) max
∂M
|∇2u| ≤ C.
In order to track the dependence on the curvature and torsion of the estimates we
shall use covariant derivatives in this section. So we begin with a brief review of
formulas for changing the orders of covariant derivatives which we shall also need in
Section 6.
In local coordinates z = (z1, . . . , zn), zj = xj +
√−1yj, we shall use notations such
as
vi = ∇ ∂
∂zi
v, vij = ∇ ∂
∂zj
∇ ∂
∂zi
v, vxi = ∇ ∂
∂xi
v, etc.
Recall that
(5.2) vij¯ − vj¯i = 0, vij − vji = T lijvl.
By straightforward calculations,
(5.3)


vij¯k¯ − vik¯j¯ =T ljkvil¯,
vij¯k − vikj¯ = − glm¯Rkj¯im¯vl,
vijk − vikj = glm¯Rjkim¯vl + T ljkvil.
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Therefore,
(5.4)
vij¯k − vkij¯ =(vij¯k − vikj¯) + (vikj¯ − vkij¯)
= − glm¯Rkj¯im¯vl + T likvlj¯ +∇j¯T likvl
= − glm¯Rij¯km¯vl + T likvlj¯
by (2.20), and
(5.5)
vijk − vkij = (vijk − vikj) + (vikj − vkij)
= glm¯Rjkim¯vl + T
l
jkvil + T
l
ikvlj +∇jT likvl.
Since
∂
∂xk
=
∂
∂zk
+
∂
∂z¯k
,
∂
∂yk
=
√−1
( ∂
∂zk
− ∂
∂z¯k
)
,
we see that
(5.6)
{
vzixj − vxjzi = vij − vji = T lijvl,
vziyj − vyjzi =
√−1(vij − vji) =
√−1T lijvl,
(5.7)
vziz¯jxk − vxkziz¯j = (vij¯k + vij¯k¯)− (vkij¯ + vk¯ij¯)
= (vij¯k − vkij¯) + (vij¯k¯ − vik¯j¯)
= − glm¯Rij¯km¯vl + T likvlj¯ + T ljkvil¯,
and, similarly,
(5.8)
vzizj¯yk − vykzizj¯ =
√−1((vij¯k − vij¯k¯)− (vkij¯ − vk¯ij¯))
=
√−1((vij¯k − vkij¯)− (vij¯k¯ − vik¯j¯))
=
√−1(−glm¯Rij¯km¯vl + T likvlj¯ − T ljkvil¯).
For convenience we set
t2k−1 = xk, t2k = yk, 1 ≤ k ≤ n− 1; t2n−1 = yn, t2n = xn.
By (5.7), (5.8) and the identity
(5.9) gij¯T lkiulj¯ = T
i
ki − µgij¯T lkiglj¯
we obtain for all 1 ≤ α ≤ 2n,
(5.10)
|gij¯(utαij¯ − uij¯tα)| = |gij¯utαij¯ − (f)tα|
≤ 2|T |+ (|µ||T |+ |R|+ |∇u||∇T |)
∑
gij¯gij¯ .
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We also record here the following identity which we shall use later: for a function η,
(5.11)
gij¯ηiuxnj¯ = g
ij¯ηi(2unj¯ +
√−1uynj¯)
= 2ηn − 2µgij¯ηignj¯ +
√−1gij¯ηiuynj¯.
We now start to derive (5.1). We assume
(5.12) |u|+ |∇u| ≤ K in M¯.
Set
(5.13) ψ ≡ min
|u|≤K,z∈M¯
ψ(z, u) > 0, ψ¯ ≡ max
|u|≤K,z∈M¯
ψ(z, u).
Let σ be the distance function to ∂M . Note that |∇σ| = 1
2
on ∂M . There exists
δ0 > 0 such that σ is smooth and ∇σ 6= 0 in
Mδ0 := {z ∈M : σ(z) < δ0},
which we call the δ0-neighborhood of ∂M . We can therefore write
(5.14) u− u = hσ, in Mδ0
where h is a smooth function.
Consider a boundary point p ∈ ∂M . We choose local coordinates z = (z1, . . . , zn),
zj = xj + iyj , around p in a neighborhood which we assume to be contained in Mδ0
such ∂
∂xn
is the interior normal direction to ∂M at p where we also assume gij¯ = δij ;
(Here and in what follows we identify p with z = 0.) for later reference we call such
local coordinates regular coordinate charts.
By (5.14) we have
(u− u)xn = hxnσ + hσxn
and
(u− u)jk¯ = hjk¯σ + hσjk¯ + 2Re{hjσk¯}.
Since σ = 0 on ∂M and σxn(0) = 2|∇σ| = 1, we see that
(u− u)xn(0) = h(0)
and
(5.15) (u− u)jk¯(0) = (u− u)xn(0)σjk¯(0) j, k < n.
Similarly,
(5.16) (u− u)tαtβ(0) = −(u− u)xn(0)σtαtβ , α, β < 2n.
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It follows that
(5.17) |utαtβ (0)| ≤ C, α, β < 2n
where C depends on |u|C1(M¯), |u|C1(M¯), and the principal curvatures of ∂M .
To estimate utαxn(0) for α ≤ 2n, we will follow [20] and employ a barrier function
of the form
(5.18) v = (u− u) + tσ −Nσ2,
where t, N are positive constants to be determined. Recall that u ∈ C2 and ωu > 0
in a neighborhood of ∂M . We may assume that there exists ǫ > 0 such that ωu > ǫω
in Mδ0 . Locally, this gives
(5.19) {ujk¯ + µgjk¯} ≥ ǫ{gjk¯}.
The following is the key ingredient in our argument.
Lemma 5.1. For N sufficiently large and t, δ sufficiently small,
gij¯vij¯ ≤ −
ǫ
4
(
1 +
∑
gij¯gij¯
)
in Ωδ,
v ≥ 0 on ∂Ωδ
where Ωδ =M ∩ Bδ and Bδ is the (geodesic) ball of radius δ centered at p.
Proof. This lemma was first proved in [20] for domains in Cn. For completeness we
include the proof here with minor modifications. By (5.19) we have
(5.20) gij¯(uij¯ − uij¯) = gij¯(uij¯ + µgij¯ − uij¯ − µgij¯) ≤ n− ǫ
∑
gij¯gij¯.
Obviously,
gij¯σij¯ ≤ C1
∑
gij¯gij¯
for some constant C1 > 0 under control. Thus
gij¯vij¯ ≤ n+ {C1(t +Nσ)− ǫ}
∑
gij¯gij¯ − 2Ngij¯σiσj¯ in Ωδ.
Let λ1 ≤ · · · ≤ λn be the eigenvalues of {uij¯ + µgij¯} (with respect to {gij¯}). We
have
∑
gij¯gij¯ =
∑
λ−1k and
(5.21) gij¯σiσj¯ ≥ 12λn
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since |∇σ| ≡ 1
2
where σ is smooth. By the arithmetic-geometric mean-value inequality,
ǫ
4
∑
gij¯gij¯ +
N
λn
≥ nǫ
4
(Nλ−11 · · ·λ−1n )
1
n ≥ nǫN
1
n
4ψ
1
n
≥ c1N 1n
for some constant c1 > 0 depending on the upper bound of ψ.
We now fix t > 0 sufficiently small and N large so that c1N
1/n ≥ 1 + n + ǫ and
C1t ≤ ǫ4 . Consequently,
gij¯vij¯ ≤ − ǫ4
(
1 +
∑
gij¯gij¯
)
in Ωδ
if we require δ to satisfy C1Nδ ≤ ǫ4 in Ωδ.
On ∂M ∩Bδ we have v = 0. On M ∩ ∂Bδ,
v ≥ tσ −Nσ2 ≥ (t−Nδ)σ ≥ 0
if we require, in addition, Nδ ≤ t. 
Remark 5.2. For the real Monge-Ampe`re equations, Lemma 5.1 was proved in [19]
both for domains in Rn and in general Riemannian manifolds, improving earlier results
in [29], [23] and [22].
Lemma 5.3. Let w ∈ C2(Ωδ). Suppose that w satisfies
gij¯wij¯ ≥ −C1
(
1 +
∑
gij¯gij¯
)
in Ωδ
and
w ≤ C0ρ2 on Bδ ∩ ∂M, w(0) = 0
where ρ is the distance function to the point p (where z = 0) on ∂M . Then wν(0) ≤ C,
where ν is the interior unit normal to ∂M , and C depends on ǫ−1, C0, C1, |w|C0(Ωδ),
|u|C1(M¯) and the constants N , t and δ determined in Lemma 5.1.
Proof. By Lemma 5.1, Av +Bρ2 − w ≥ 0 on ∂Ωδ and
gij¯(Av +Bρ2 − w)ij¯ ≤ 0 in Ωδ
when A≫ B and both are sufficiently large. By the maximum principle,
Av +Bρ2 − w ≥ 0 in Ωδ.
Consequently,
Avν(0)− wν(0) = Dν(Av +Bρ2 − w)(0) ≥ 0
since Av +Bρ2 − w = 0 at the origin. 
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We next apply Lemma 5.3 to estimate utαxn(0) for α < 2n. For fixed α < 2n, we
write η = σtα/σxn and define
T = ∇ ∂
∂tα
− η∇ ∂
∂xn
.
We wish to apply Lemma 5.3 to
w = (uyn − ϕyn)2 ± T (u− ϕ).
By (5.12),
|T (u− ϕ)|+ (uyn − ϕyn)2 ≤ C in Ωδ.
On ∂M since u− ϕ = 0 and T is a tangential differential operator, we have
T (u− ϕ) = 0 on ∂M ∩Bδ
and, similarly,
(5.22) (uyn − ϕyn)2 ≤ Cρ2 on ∂M ∩ Bδ.
We compute next
(5.23) gij¯(T u)ij¯ = gij¯(utαij¯ + ηuxnij¯) + gij¯ηij¯uxn + 2gij¯Re{ηiuxnj¯}.
By (5.10) and (5.11),
(5.24) |gij¯(utαij¯ + ηuxnij¯)| ≤ |T (f)|+ C1(|T |+ |R|+ |∇T |)
(
1 +
∑
gij¯gij¯
)
and
(5.25) 2|gij¯Re{ηiuxnj¯}| ≤ gij¯uyniuynj¯ + C2
(
1 +
∑
gij¯gij¯
)
where C1 and C2 are independent of the curvature and torsion. Applying (5.10) again,
we derive
(5.26)
gij¯ [(uyn − ϕyn)2]ij¯ =2gij¯(uyn − ϕyn)i(uyn − ϕyn)j¯
+ 2(uyn − ϕyn)gij¯(uyn − ϕyn)ij¯
≥ gij¯uyniuynj¯ − 2gij¯ϕyniϕynj¯
+ 2(uyn − ϕyn)gij¯(uynij¯ − ϕynij¯)
≥ gij¯uyniuynj¯ − |(f)yn| − C3
− C4(1 + |T |+ |R|+ |∇T |)
∑
gij¯gij¯.
Finally, combining (5.23)-(5.26) we obtain
(5.27) gij¯[(uyn − ϕyn)2 ± T (u− ϕ)]ij¯ ≥ −C
(
1 + |Df |+
∑
gij¯gij¯
)
in Ωδ
24 BO GUAN AND QUN LI
where C = C0(1+ |R|+ |T |+ |∇T |) with C0 independent of the curvature and torsion.
Consequently, we may apply Lemma 5.3 to w = (uyn −ϕyn)2±T (u− ϕ) to obtain
(5.28) |utαxn(0)| ≤ C, α < 2n.
By (5.6) we also have
(5.29) |uxntα(0)| ≤ C, α < 2n.
It remains to establish the estimate
(5.30) |uxnxn(0)| ≤ C.
Since we have already derived
(5.31) |utαtβ(0)|, |utαxn(0)|, |uxntα(0)| ≤ C, α, β < 2n,
it suffices to prove
(5.32) 0 ≤ µ+ unn¯(0) = µ+ uxnxn(0) + uynyn(0) ≤ C.
Expanding det(uij¯ + µgij¯), we have
(5.33) det(uij¯(0) + µgij¯) = a(unn¯(0) + µ) + b
where
a = det(uαβ¯(0) + µgαβ¯)|{1≤α,β≤n−1}
and b is bounded in view of (5.31). Since det(uij¯ + µgij¯) is bounded, we only have to
derive an a priori positive lower bound for a, which is equivalent to
(5.34)
∑
α,β<n
uαβ¯(0)ξαξ¯β ≥ c0|ξ|2, ∀ ξ ∈ Cn−1
for a uniform constant c0 > 0.
Proposition 5.4. There exists c0 = c0(ψ
−1, ϕ, u) > 0 such that (5.34) holds.
Proof. Let TC∂M ⊂ TCM be the complex tangent bundle of ∂M and
T 1,0∂M = T 1,0M ∩ TC∂M =
{
ξ ∈ T 1,0M : dσ(ξ) = 0
}
.
In local coordinates,
T 1,0∂M =
{
ξ = ξi
∂
∂zi
∈ T 1,0M :
∑
ξiσi = 0
}
.
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It is enough to establish a positive lower bound for
m0 = min
ξ∈T 1,0∂M,|ξ|=1
ωu(ξ, ξ¯).
We assume that m0 is attained at a point p ∈ ∂M and choose regular local coordi-
nates around p as before such that
m0 = ωu
( ∂
∂z1
,
∂
∂z¯1
)
= u11¯(0) + µ.
One needs to show
(5.35) m0 = u11¯(0) + µ ≥ c0 > 0.
By (5.15),
(5.36) u11¯(0) = u11¯(0)− (u− u)xn(0)σ11¯(0).
We can assume u11¯(0) + µ ≤ 12(u11¯(0) + µ); otherwise we are done. Thus
(5.37) (u− u)xn(0)σ11¯(0) ≥
1
2
(u11¯(0) + µ).
It follows from (5.12) that
(5.38) σ11¯(0) ≥ u11¯(0) + µ
2C
≥ ǫ
2C
≡ c1 > 0
where C = max∂M |∇(u− u)|.
Let δ > 0 be small enough so that
w ≡
∣∣∣− σzn ∂∂z1 + σz1
∂
∂zn
∣∣∣
=
(
g11¯|σzn|2 − 2Re{g1n¯σznσz¯1}+ gnn¯|σz1|2
) 1
2 > 0 in M ∩Bδ(p).
Define ζ =
∑
ζi
∂
∂zi
∈ T 1,0M in M ∩Bδ(p):

ζ1 = −σzn
w
,
ζj = 0, 2 ≤ j ≤ n− 1,
ζn =
σz1
w
and
Φ = (ϕjk¯ + µgjk¯)ζj ζ¯k − (u− ϕ)xnσjk¯ζj ζ¯k − u11¯(0)− µ.
Note that ζ ∈ T 1,0∂M on ∂M and |ζ | = 1. By (5.15),
(5.39) Φ = (ujk¯ + µgjk¯)ζj ζ¯k − u11¯(0)− µ ≥ 0 on ∂M ∩Bδ(p)
and Φ(0) = 0.
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Write G = σij¯ζiζ¯i. We have
(5.40)
gij¯Φij¯ ≤ − gij¯(uxnG)ij¯ + C
(
1 +
∑
ujj¯
)
= −Ggij¯uxnij¯ − 2gij¯Re{uxniGj¯}+ C
(
1 +
∑
gij¯gij¯
)
≤ gij¯uyniuynj¯ + C
(
1 +
∑
gij¯gij¯
)
by (5.10) and (5.11). It follows that
(5.41) gij¯ [Φ− (uyn − ϕyn)2]ij¯ ≤ C
(
1 +
∑
gij¯gij¯
)
in M ∩ Bδ(p).
Moreover, by (5.22) and (5.39),
(uyn − ϕyn)2 − Φ ≤ C|z|2 on ∂M ∩ Bδ(p).
Consequently, we may apply Lemma 5.3 to
h = (uyn − ϕyn)2 − Φ
to derive Φxn(0) ≥ −C which, by (5.38), implies
(5.42) uxnxn(0) ≤
C
σ11¯(0)
≤ C
c1
.
In view of (5.31) and (5.42) we have an a priori upper bound for all eigenvalues of
{uij¯ + µgij¯} at p. Since det(uij¯ + µgij¯) ≥ ψ > 0, the eigenvalues of {uij¯ + µgij¯} at p
must admit a positive lower bound, i.e.,
min
ξ∈T 1,0p M,|ξ|=1
(uij¯ + µgij¯)ξiξ¯j ≥ c0.
Therefore,
m0 = min
ξ∈T 1,0p ∂M,|ξ|=1
(uij¯ + µgij¯)ξiξ¯j ≥ min
ξ∈T 1,0p M,|ξ|=1
(uij¯ + µgij¯)ξiξ¯j ≥ c0.
The proof of Proposition 5.4 is complete. 
We have therefore established (5.1).
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6. Estimates for the real Hessian and higher derivatives
The primary goal of this section is to derive global estimates for the whole (real)
Hessian
(6.1) |∇2u| ≤ C on M¯.
This is equivalent to
(6.2) |uxixj(p)|, |uxiyj(p)|, |uyiyj (p)| ≤ C, ∀ 1 ≤ i, j ≤ n
in local coordinates z = (z1, . . . , zn), zj = xj +
√−1yj with gij¯(p) = δij for any fixed
point p ∈ M , where the constant C may depend on |u|C1(M), supM ∆u, inf ψ > 0,
and the curvature and torsion of M as well as their derivatives. Once this is done we
can apply the Evans-Krylov Theorem to obtain global C2,α estimates.
As in Section 5 we shall use covariant derivatives. We start with communication
formulas for the fourth order derivatives. From direct computation,
(6.3)
{
vijk¯l¯ − vijl¯k¯ = T qklvijq¯,
vijkl¯ − vijl¯k = gpq¯Rkl¯iq¯vpj + gpq¯Rkl¯jq¯vip.
Therefore, by (5.3), (5.4), (5.5), (6.3) and (2.20),
(6.4)
vij¯kl¯ − vkl¯ij¯ =(vij¯kl¯ − vkij¯l¯) + (vkij¯l¯ − vkil¯j¯) + (vkil¯j¯ − vkl¯ij¯)
=∇l¯(−gpq¯Rij¯kq¯vp + T pikvpj¯) + T qjlvkiq¯ + gpq¯∇j¯(Ril¯kq¯vp)
= gpq¯(Rkl¯iq¯vpj¯ − Rij¯kq¯vpl¯) + T pikvpj¯l¯ + T qjlvkiq¯
+ gpq¯(∇j¯Ril¯kq¯ −∇l¯Rij¯kq¯)vp
and
(6.5)
vij¯kl − vklij¯ = vij¯kl − vkij¯l + vkij¯l − vkilj¯ + vkilj¯ − vklij¯
=∇l(−gpq¯Rij¯kq¯vp + T pikvpj¯)− gpq¯Rlj¯kq¯vpi − gpq¯Rlj¯iq¯vkp
+∇j¯(gpq¯Rilkq¯vp + T pilvkp)
= − gpq¯Rij¯kq¯vpl − gpq¯Rij¯lq¯vkp − gpq¯Rlj¯kq¯vpi
− gpq¯[(∇lRij¯kq¯) + (∇j¯Rilkq¯)]vp
+ [(∇lT pik) + gpq¯Rilkq¯]vpj¯
+ T pikvpj¯l + T
p
ilvkpj¯.
Turning to the proof of (6.2), it suffices to prove the following.
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Proposition 6.1. There exists constant C > 0 depending on |u|C1(M¯), supM ∆u and
inf ψ > 0 such that
(6.6) sup
τ∈TM,|τ |=1
uττ ≤ C.
Proof. Let
N := sup
M
{
|∇u|2 + A|ωu|2 + sup
τ∈TM,|τ |=1
uττ
}
where A is positive constant to be determined, and assume that it is achieved at an
interior point p ∈M and for some unit vector τ ∈ TpM . We choose local coordinates
z = (z1, . . . , zn) such that gij¯ = δij and {uij¯} is diagonal at p. Thus τ can be written
in the form
τ = aj
∂
∂zj
+ bj
∂
∂z¯j
, aj, bj ∈ C,
∑
ajbj =
1
2
.
Let ξ be a smooth unit vector field defined in a neighborhood of p such that
ξ(p) = τ . Then the function
Q = uξξ + |∇u|2 + A|ωu|2
(defined in a neighborhood of p) attains it maximum at p where, therefore
(6.7) Qi = uττi + ukuik¯ + uk¯uki + 2A(ukk¯ + µ)(ukk¯i + (µ)i) = 0
and
(6.8)
0 ≥ gi¯iQi¯i = gi¯i(uki¯uik¯ + ukiuk¯i¯) + gi¯i(ukuik¯i¯ + uk¯uki¯i)
+gi¯i uττ i¯i + 2Ag
i¯i(ukl¯i + (µ)i)(ulk¯i¯ + (µ)¯i)
+ 2A(ukk¯ + µ)g
i¯i(ukk¯i¯i + (µ)i¯i).
Differentiating equation (2.39) twice (using covariant derivatives), by (5.4) and
(6.4) we obtain
(6.9) gi¯iuki¯i = (f)k + g
i¯iRi¯ikl¯ul − gi¯iT likul¯i − (µ)k
∑
gi¯i ≥ (f)k − C
∑
gi¯i
and
(6.10)
gi¯iukk¯i¯i ≥ gi¯igjj¯uij¯kuji¯k¯ + gi¯i(T pikup¯ik¯ + T pikukip¯)
+ (f)kk¯ − C
∑
gi¯i ≥ (f)kk¯ − C
(
1 +
∑
gi¯i
)
.
(Here we used (5.4) again for the last inequality.)
Note that
uττ i¯i = akalukli¯i + 2akblukl¯i¯i + bkbluk¯l¯i¯i.
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Using the formulas in (6.3), (6.4) and (6.5) we obtain
(6.11)
gi¯iuττ i¯i ≥ gi¯iui¯iττ − Cgi¯i|T likul¯ik| − C
(
1 +
∑
k,l
|ukl|
)∑
gi¯i
≥ (f)ττ − Cgi¯iul¯ikuil¯k − C
(
1 +
∑
k,l
|ukl|
)∑
gi¯i.
Plugging (6.9), (6.10), (6.11) into (6.8) and using the inequality
(6.12)
2gi¯i (ukl¯i + (µ)i)(ulk¯i¯ + (µ)¯i)
≥ gi¯iukl¯iulk¯i¯ − gi¯i(µ)i(µ)¯i ≥ gi¯iukl¯iulk¯i¯ − C
∑
gi¯i,
we see that
(6.13) gi¯iukiuk¯i¯ + (A− C)gi¯iukl¯iulk¯i¯ − C
(
1 + A +
∑
k,l
|ukl|
)(
1 +
∑
gi¯i
)
≤ 0.
We now need the nondegeneracy of equation (2.39) which implies that there is Λ > 0
depending on supM ∆u and inf ψ > 0 such that
Λ−1{gij¯} ≤ {gij¯} ≤ Λ{gij¯}
and, therefore,
(6.14)


∑
gi¯i ≤ nΛ,
gi¯iukiuk¯i¯ ≥
1
Λ
∑
i,k
|uki|2.
Plugging these into (6.13) and choosing A large we derive∑
i,k
|uki|2 ≤ C.
Consequently we have a bound uττ (p) ≤ C. Finally,
sup
q∈M
sup
τ∈TqM,|τ |=1
uττ ≤ uττ (p) + 2 sup
M
(|∇u|2 + A|ωu|2).
This completes the proof of (6.6). 
We can now appeal to the Evans-Krylov Theorem ([17], [32], [33]) for C2,α estimates
(6.15) |u|C2,α(M) ≤ C.
Higher order regularity and estimates now follow from the classical Schauder theory
for elliptic linear equations.
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Remark 6.2. When M is a Ka¨hler manifold, Proposition 6.1 was recently proved by
Blocki [8]. He observed that the estimate (6.6) does not depend on inf ψ when M has
nonnegative bisectional curvature. This is clearly also true in the Hermitian case.
Remark 6.3. An alternative approach to the C2,α estimate (6.15) is to use (1.6) and
the boundary estimate (5.1) (in place of (6.1)) and apply an extension of the Evans-
Krylov Theorem; see Theorem 7.3, page 126 in [14] which only requires C1,α bounds
for the solution. This was pointed out to us by Pengfei Guan to whom we wish to
express our gratitude.
7. C0 estimates and existence
In this section we complete the proof of Theorem 1.2-1.4 using the estimates es-
tablished in previous sections. We shall consider separately the Dirichlet problem
and the case of manifolds without boundary. In each case we need first to derive C0
estimates; the existence of solutions then can be proved by the continuity method,
possibly combined with degree arguments.
7.1. Compact manifolds without boundary. For the C0 estimate on compact
manifolds without boundary, we follow the argument in [39], [41] which simplifies the
original proof of Yau [43].
Let M be a compact Hermitian manifold without boundary and u an admissible
solution of equation (2.39), supM u = −1. In this case we assume µ > 0. (When
µ < 0 equation (2.39) does not have solutions by the maximum principle.) We write
χ =
n−1∑
k=0
(µω)k ∧ (ωu)n−1−k.
Multiply the identity (ωu)
n − (µω)n =
√−1
2
∂∂¯u ∧ χ by (−u)p and integrate over M ,
(7.1)
∫
M
(−u)p [(ωu)n − (µω)n] =
√−1
2
∫
M
(−u)p∂∂¯u ∧ χ
=
p
√−1
2
∫
M
(−u)p−1∂u ∧ ∂¯u ∧ χ+
√−1
2
∫
M
(−u)p∂¯u ∧ ∂χ
=
2p
√−1
(p+ 1)2
∫
M
∂(−u) p+12 ∂¯(−u) p+12 ∧ χ−
√−1
2(p+ 1)
∫
M
(−u)p+1∂∂¯χ.
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We now assume that ∂∂¯(µω)k = 0, for all 1 ≤ k ≤ n − 1, which implies ∂∂¯χ =
0, and that ψ does not depends on u. Since µω > 0 and ωu ≥ 0, we see that
(µω)k ∧ (ωu)n−1−k ≥ 0 for each k. Therefore,
(7.2)
∫
M
|∇(−u) p+12 |2ωn =
√−1
2
∫
M
∂(−u) p+12 ∂¯(−u) p+12 ∧ ωn−1
≤
√−1
2 inf µn−1
∫
M
∂(−u) p+12 ∂¯(−u) p+12 ∧ χ
=
(p+ 1)2
2p inf µn−1
∫
M
(−u)p(ψ − µn)ωn
≤C
∫
M
(−u)p+1ωn.
After this we can derive a bound for inf u by the Moser iteration method, following
the argument in [41].
If ψ depends on u and satisfies (1.10), a bound for supM |u| follows directly from
equation (2.39) by the maximum principle. Indeed, suppose u(p) = maxM u for some
p ∈M . Then {uij¯(p)} ≤ 0 and, therefore
µn det gij¯ ≥ det(uij¯ + µgij) = ψ(p, u(p)) det gij¯ .
This implies an upper bound u(p) ≤ C by (1.10). That minM u ≥ −C follows from a
similar argument.
Proof of Theorem 1.3. We first consider the case that ψ does not depend on u. By
assumption (1.8) we see that ∫
M
(ψ − 1)ωn = 0
is a necessary condition for the existence of admissible solutions, and that the lin-
earized operator, v 7→ gij¯vij¯ , of equation (1.1) is self-adjoint. So the continuity method
proof in [43] works to give a unique admissible solution u ∈ H ∩ C2,α(M) of (1.1)
satisfying ∫
M
uωn = 0.
The smoothness of u follows from the Schauder regularity theory.
For the general case under the assumption ψu ≥ 0, one can still follow the proof of
Yau [43]. So we omit it here. 
32 BO GUAN AND QUN LI
Proof of Theorem 1.4. The uniqueness follows easily from the assumption ψu > 0 and
the maximum principle. For the existence we make use of the continuity method. For
0 ≤ s ≤ 1 consider
(7.3) (ωu)
n = ψs(z, u)ωn in M
where ψs(z, u) = (1− s)eu + sψ(z, u). Set
S := {s ∈ [0, 1] : equation (7.3) is solvable in H ∩ C2,α(M)}
and let us ∈ H∩C2,α(M) be the unique solution of (7.3) for s ∈ S. Obviously S 6= ∅
as 0 ∈ S with u0 = 0. Moreover, by the C2,α estimates we see that S is closed. We
need to show that S is also open in and therefore equal to [0, 1]; u1 is then the desired
solution.
Let s ∈ S and let ∆s denote the Laplace operator of (M,ωus). In local coordinates,
∆sv = gij¯vij¯ = g
ij¯∂i∂¯jv
where {gij¯} = {gsij¯}−1 and gsij¯ = gij¯ + usij¯. Note that ∆s − ψsu, where ψsu = ψsu(·, us),
is the linearized operator of equation (7.3) at us, . We wish to prove that for any
φ ∈ Cα(M,ωus) there exists a unique solution v ∈ C2,α(M,ωus) to the equation
(7.4) ∆sv − ψsuv = φ,
which implies by the implicit function theorem that S contains a neighborhood of s
and hence is open in [0, 1], completing the proof.
The proof follows a standard approach, using the Lax-Milgram theorem and the
Fredholm alternative. For completeness we include it here.
Let γ > 0 and define a bilinear form on the Sobolev space H1(M,ωus) by
(7.5)
B[v, w] :=
∫
M
[〈∇v + vtrT˜ ,∇w〉ωus + (γ + ψsu)vw](ωus)n
=
∫
M
[gij¯(vi + vT˜
k
ik)wj¯ + (γ + ψ
s
u)vw](ωus)
n
where T˜ denotes the torsion of ωus and trT˜ its trace. In local coordinates,
trT˜ = T˜ kikdzi = g
kj¯(gij¯k − gkj¯i)dzi
so it only depends on the second derivatives of u.
It is clear that for γ > 0 sufficiently large B satisfies the Lax-Milgram hypotheses,
i.e,
(7.6) |B[v, w]| ≤ C‖v‖H1(ωs)‖w‖H1(ωs)
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by the Schwarz inequality, and
(7.7) B[v, v] ≥ c0‖v‖2H1(ωs), ∀ v ∈ H1(M,ωus)
where c0 is a positive constant independent of s ∈ [0, 1] since ψu > 0, |us|C2(M) ≤ C
and M is compact. By the Lax-Milgram theorem, for any φ ∈ L2(M,ωus) there is a
unique v ∈ H1(M,ωus) satisfying
(7.8) B[v, w] =
∫
M
φw(ωus)
n ∀ w ∈ H1(M,ωus).
On the other hand,
(7.9) B[v, w] =
∫
M
(−∆sv + ψsuv + γv)w(ωus)n
by integration by parts. Thus v is a weak solution to the equation
(7.10) Lγv := ∆
sv − ψsuv − γv = φ.
We write v = L−1γ φ.
By the Sobolev embedding theorem the linear operator
K := γL−1γ : L
2(M,ωus)→ L2(M,ωus)
is compact. Note also that v ∈ H1(M,ωus) is a weak solution of equation (7.4) if and
only if
(7.11) v −Kv = ζ
where ζ = L−1γ φ. Indeed, (7.4) is equivalent to
(7.12) v = L−1γ (γv + φ) = γL
−1
γ v + L
−1
γ φ.
Since the solution of equation (7.4), if exists, is unique, by the Fredholm alternative
equation (7.11) is uniquely solvable for any ζ ∈ L2(M,ωus). Consequently, for any
φ ∈ L2(M,ωus) there exists a unique solution v ∈ H1(M,ωus) to equation (7.4). By
the regularity theory of linear elliptic equations, v ∈ C2,α(M,ωus) if φ ∈ Cα(M,ωus).
This completes the proof. 
7.2. The Dirichlet problem. We now turn to the proof of Theorem 1.2. Let
Au = {v ∈ H : v ≥ u in M , v = u on ∂M}.
By the maximum principle, v ≤ h on M¯ for all v ∈ Au where h satisfies ∆h + n = 0
in M and h = u on ∂M . Therefore we have C0 bounds for solutions of the Dirichlet
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problem (1.1)-(1.2) in Au. The proof of existence of such solutions then follows that
of Theorem 1.1 in [19]; so is omitted here.
Proof of Theorem 1.5. As we only assume ψ ≥ 0, equation (1.11) is degenerate. So
we need to approximate it by nondegenerate equations. Since ωφ > 0 and M is
compact, there is ε0 > 0 such that ωφ ≥ ε0ω, and therefore (ωφ)n ≥ εn0ωn.
For ε ∈ (0, ε0] let ψε be a smooth function such that
sup
{
ψ − ε, ε
n
2
}
≤ ψε ≤ sup{ψ, εn}
and consider the approximating problem
(7.13)
{
(ωu)
n = ψεωn in M¯,
u = φ on ∂M.
Note that φ is a subsolution of (7.13) when 0 < ε ≤ ε0. By Theorem 1.2 there is a
unique solution uε ∈ C2,α(M¯) of (7.13) with uε ≥ φ on M¯ for ε ∈ (0, ε0].
By Theorem 1.1 it is easy to see that
(7.14) |uε|C1(M¯) ≤ C1, sup
M
∆uε ≤ C2(1 + sup
∂M
∆uε), independent of ε.
On the boundary ∂M , the estimates in Section 5 for the pure tangential and mixed
tangential-normal second derivatives are independent of ε, i.e.,
(7.15) |uεξη|, |uεξν| ≤ C3, ∀ ξ, η ∈ T∂M, |ξ|, |η| = 1 independent of ε.
where ν is the unit normal to ∂M . For the estimate of the double normal derivative
uενν, note that ∂M = N × ∂S and TC∂M = TN ; this is the only place we need the
assumption M = N × S so Theorem 1.5 actually holds for local product spaces. So
(7.16) 1 + uεξξ¯ = 1 + φξξ¯ ≥ c0 ∀ ξ ∈ TC∂M = TN, |ξ| = 1.
where c0 depends only on φ. From the proof in Section 5 we see that
(7.17) |uενν | ≤ C, independent of ε on ∂M.
Finally, from supM |∆uε| ≤ C we see that |uε|C1,α(M¯) is bounded for any α ∈ (0, 1).
Taking a convergent subsequence we obtain a solution u ∈ C1,α(M¯) of (1.11) with the
desired properties. By Remark 6.2, u ∈ C1,1(M¯) when M has nonnegative bisectional
curvature. 
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8. Geodesics in the space of Hermitian metrics.
Let (M, g) be a compact Hermitian manifold without boundary. The space of
Hermitian metrics
(8.1) H = {φ ∈ C2(M) : ωφ > 0}
is an open subset of C2(M). The tangent space TφH of H at φ ∈ H is naturally
identified to C2(M). Following Mabuchi [36], Semmes [38] and Donaldson [16] who
considered the Ka¨hler case, we define
(8.2) 〈ξ, η〉φ =
∫
M
ξη (ωφ)
n, ξ, η ∈ TφH.
Accordingly, the length of a regular curve ϕ : [0, 1]→ H is defined to be
(8.3) L(ϕ) =
∫ 1
0
〈ϕ˙, ϕ˙〉
1
2
ϕdt.
Henceforth ϕ˙ = ∂ϕ/∂t and ϕ¨ = ∂2ϕ/∂t2. The geodesic equation takes the form
(8.4) ϕ¨− |∇ϕ˙|2ϕ = 0,
or in local coordinates
(8.5) ϕ¨− g(ϕ)jk¯ϕ˙zj ϕ˙z¯k = 0.
Here {g(ϕ)jk¯} is the inverse matrix of {g(ϕ)jk¯} = {gjk¯ + ϕjk¯}.
It was observed by Donaldson [16], Mabuchi [36] and Semmes [38] that the geodesic
equation (8.4) reduces to a homogeneous complex Monge-Ampe`re equation in M ×A
where A = [0, 1]× S1. Let
w = zn+1 = t+
√−1s
be a local coordinate of A. We may view a smooth curve ϕ in H as a function
on M × [0, 1] and therefore a rotation-invariant function (constant in s) on M × A.
Clearly,
ϕ˙ =
∂ϕ
∂t
= 2
∂ϕ
∂w
= 2
∂ϕ
∂w¯
, ϕ¨ =
∂2ϕ
∂t2
= 4
∂2ϕ
∂w∂w¯
.
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Therefore,
(8.6)
det


ϕ1w¯
(g(ϕ)jk¯)
...
ϕnw¯
ϕw1¯ · · · ϕwn¯ ϕww¯


=
1
4
det(g(ϕ)ij¯) · det


g(ϕ)k1¯ϕ˙k
I
...
g(ϕ)kn¯ϕ˙k
ϕ˙1¯ · · · ϕ˙n¯ ϕ¨


=
1
4
det(g(ϕ)ij¯) · (ϕ¨− g(ϕ)jk¯ϕ˙zj ϕ˙z¯k).
So a geodesic ϕ in H satisfies
(8.7) (ω˜ϕ)
n+1 ≡
(
ω˜ +
√−1
2
∂∂¯ϕ
)n+1
= 0 in M × A
where
(8.8) ω˜ = ω +
√−1
2
∂∂¯|w|2 =
√−1
2
( ∑
j,k≤n
gjk¯dzj ∧ dz¯k + dw ∧ dw¯
)
is the lift of ω to M × A.
Conversely, if ϕ ∈ C2(M × A) is a rotation-invariant solution of (8.7) such that
(8.9) ϕ(·, w) ∈ H, ∀ w ∈ A,
then ϕ is a geodesic in H.
In the Ka¨hler case, Donaldson [16] conjectured that H∞ ≡ H∩C∞(M) is geodesi-
cally convex, i.e., any two functions in H∞ can be connected by a smooth geodesic.
More precisely,
Conjecture 8.1 (Donaldson [16]). Let M be a compact Ka¨hler manifold without
boundary and ρ ∈ C∞(M × ∂A) such that ρ(·, w) ∈ H for w ∈ ∂A. Then there
exists a unique solution ϕ of the Monge-Ampe`re equation (8.7) satisfying (8.9) and
the boundary condition ϕ = ρ.
The uniqueness was proved by Donaldson [16] as a consequence of the maximum
principle. In [13], X.-X. Chen obtained the existence of a weak solution with ∆ϕ ∈
L∞(M × A); see also the recent work of Blocki [8] who proved that the solution is
in C1,1(M × A) when M has nonnegative bisectional curvature. As a corollary of
Theorem 1.5 these results can be extended to the Hermitian case.
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Theorem 8.2. Let M be a compact Hermitian manifold without boundary. and let
ϕ0, ϕ1 ∈ H ∩ C4(M). There exists a unique (weak) solution ϕ ∈ C1,α(M × A),
∀ 0 < α < 1, with ω˜ϕ ≥ 0 and ∆ϕ ∈ L∞(M × A) of the Dirichlet problem
(8.10)


(ω˜ϕ)
n+1 = 0 in M ×A
ϕ = ϕ0 on M × Γ0,
ϕ = ϕ1 on M × Γ1
where Γ0 = ∂A|t=0, Γ1 = ∂A|t=1. Moreover, ϕ ∈ C1,1(M × A) if M has nonnegative
bisectional curvature.
Proof. In order to apply Theorem 1.5 to the Dirichlet problem (8.10) we only need to
construct a strict subsolution. This is easily done for the annulus A = [0, 1]× S1. Let
ϕ = (1− t)ϕ0 + tϕ1 +K(t2 − t).
Since ϕ0, ϕ1 ∈ H(ω) we see that ω˜ϕ > 0 and (ω˜ϕ)n+1 ≥ 1 for K sufficiently large. 
Remark 8.3. By the uniqueness ϕ is rotation invariant (i.e., independent of s).
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